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We study the phenomenological implications of breaking the Tri-Bimaximal (TBM)
mixing in such a way that either first or second column of TBM mixing matrix remains
invariant. We present two such textures and confront them with the experimental data.
We give the predictions of these textures for atmospheric mixing angle θ23 and Dirac-type
CP violating phase δ that will be measured in the future experiments.
One of the unresolved mysteries of the neutrino physics is the origin of the
neutrino masses. If the three neutrino masses are distinct and non zero, the mass
and flavour eigen states of neutrinos are not identical. The flavour eigen states (νf )
can be written as a linear combination of the mass eigen states (νi):
νf = Uνi. (1)
Here, i = 1, 2, 3 and f = e, µ, τ . The neutrino mixing matrix, U , is given as1
U =
 c12c13 s12c13 s13e−ιδ−s12c23 − c12s23s13eιδ c12c23 − s12s23s13eιδ s23c13
s12s23 − c12c23s13eιδ −c12s23 − s12c23s13eιδ c23c13
 , (2)
where sij = sin θij and cij = cos θij for i, j = 1, 2, 3 and θ12, θ23, θ13 are the three
mixing angles. The phase δ is responsible for Dirac-type CP violation in neutrino
oscillations. The mixing matrix (U) diagonalizes the neutrino mixing matrix (Mν)
as
UTMνU = M
diag
ν (3)
where, the diagonal neutrino mass matrix is Mdiagν = diag{m1,m2e2ια,m3e2ιβ}.
Here, the phases α and β are the Majorana phases. These phases do not appear
in the oscillation probabilities. However, they can be constrained in the neutrino
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2
less double beta decay experiments. If the three neutrino masses (m1,m2 and m3),
three neutrino mixing angles (θ12, θ23 and θ13) and the three CP violating phases
(α, β, δ) are known, the neutrino mass matrix can be reconstructed as
Mν = U
∗Mdiagν U
†. (4)
The reconstruction of the neutrino mass matrix results into many possible struc-
tures. The experimental measurements of a non-zero θ132–5 ruled out many such
structures. One such structure corresponded to the Tri-BiMaximal (TBM) mixing6
that predicts θ13 = 0 and θ23 = pi4 . After the measurement of non-zero θ13, the
TBM scheme cannot be compatible with the neutrino data at the leading order.
Yet, one can modify the mass matrix corresponding to the TBM mixing (MTBM)
by adding some correction terms that break the underlying symmetry of MTBM.
However, such modifications need not break the symmetry of MTBM completely.
We can modify MTBM in such a manner that the resulting mixing matrix still has
its first or second column identical to the TBM mixing matrix UTBM. Such mixing
schemes can be called Tri-Maximal (TM) mixing of first and second kind (TM17–12
and TM27,9–17), respectively.
In the present work, we propose two simple textures that can modify MTBM to
have non-zero θ13 and non-maximal θ23 while preserving its first or second eigen
vector at its TBM value. We study the phenomenology of these textures and confront
them with the experimental data. Our textures are testable at the future neutrino
experiments like NOνA18 and T2K2 that aim to measure the octant of θ23 and CP
violating phase δ. We also present the predictions of these textures for the Majorana
phases (α and β) and the neutrino masses as measured in beta decay,19 neutrino
less double beta decay20 and cosmological experiments.21
The TBM mass matrix can be written as
MTBM =
a c cc a+ b c− b
c c− b a+ b
 . (5)
It can be diagonalized as
UTTBMMTBMUTBM = M
diag
ν (6)
where
UTBM =

√
2
3
√
1
3 0
−
√
1
6
√
1
3
√
1
2
−
√
1
6
√
1
3 −
√
1
2
 . (7)
The neutrino mass matrices for the mixing schemes TM17–12 and TM27,9–17 can be
written as
MTMi = MTBM +M
′
TMi (8)
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where i = 1, 2 corresponds to TM1 and TM2 mixings. The general forms of these
modified mass matrices can be written as
MTM1 =
 a 2c− d d2c− d a+ b+ 4(c− d) −b− c+ 2d
d −b− c+ 2d a+ b
 (9)
and
MTM2 =
a c dc a+ b− c+ d c− b
d c− b a+ b
 . (10)
The most general form of M ′TMi will be similar to MTMi . However, we do not work
with the most general forms as they have too many free parameters. We assume
simple textures of MTBM and M ′TMi that are compatible with the neutrino data.
The two textures studied in this work are
Mi = M0 +M
′
i (11)
where Mi = MTMi with c = a and d = a+ µ for i = 1, 2. Here, the parameter a, b,
and c are real while µ = zeιχ is a complex parameter. Therefore, our textures have
four real parameters i.e. a, b, z, and χ. The textures for M0 and M ′i are
M0 =
a a aa a+ b a− b
a a− b a+ b
 ,M ′1 =
 0 −µ µ−µ −4µ 2µ
µ 2µ 0
 ,M ′2 =
 0 0 µ0 µ 0
µ 0 0
 . (12)
The assumption c = a leads to a vanishing lowest mass eigenvalue of M0. The
modification termM ′i may modify the eigenvalues ofM0 and we may end up with a
non-zero value of m1. The parameter z acts as the modification parameter and gives
us a non-zero θ13 and non-maximal θ23. The resulting textures Mi will have normal
hierarchy. However, we could construct similar textures for inverted hierarchy by
setting c = a+ 2b and d = a+ µ in Eqs. (9-10).
The mass matrices Mi can be diagonalized using the relation
Mdiagi = U
T
TMiM iUTMi (13)
where
UTM1 =

√
2
3
cos θ√
3
sin θ√
3
− 1√
6
√
2
3 cos θ−eiφ sin θ√
2
eiφ cos θ+
√
2
3 sin θ√
2
− 1√
6
√
2
3 cos θ+e
iφ sin θ√
2
√
2
3 sin θ−eiφ cos θ√
2
 (14)
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and
UTM2 =

√
2
3 cos θ
1√
3
√
2
3 sin θ
eiφ sin θ− cos θ√
3√
2
1√
3
−eiφ cos θ− sin θ√
3√
2
− cos θ√
3
−eiφ sin θ√
2
1√
3
eiφ cos θ− sin θ√
3√
2
 . (15)
Here, θ and φ are the two free parameters of the TM1 and TM2 mixing matrices.
The experimental values of the three mixing angles and the Jarlskog rephasing
invarient measure of CP violation J22 can be calculated in terms of θ and φ using
the relations
sin2 θ12 =
|(Ui)12|2
1− |(Ui)13|2 , (16)
sin2 θ23 =
|(Ui)23|2
1− |(Ui)13|2 , (17)
sin213 = |(Ui)13|2, (18)
and
J = Im[(Ui)11(Ui)
∗
12(Ui)
∗
21(Ui)22]. (19)
We calculate theMdiagi for the texturesM1 andM2 using Eq. (13). We find that
the off-diagonal elements
(
Mdiag1
)
12
,
(
Mdiag1
)
13
,
(
Mdiag2
)
12
and
(
Mdiag2
)
23
are
zero identically. The remaining off-diagonal elements,
(
Mdiag1
)
23
and
(
Mdiag2
)
13
,
are in general functions of θ and φ. Equating them to zero, we obtain the predic-
tions of our textures for θ and φ in terms of the four free parameters a, b, z, and χ.
Solving the complex equation (Mdiag1 )23 = 0, we find that
tanφ =
(2b− 3a) tanχ
3a+ 2b− 4z secχ (20)
and
tan 2θ =
2
√
6z cos(χ+ φ)
3a− 2b cos 2φ+ 4z cos(χ+ 2φ) (21)
for the texture M1. Similarly, equating (M
diag
2 )13 = 0, we find that
φ = −χ (22)
and
tan 2θ =
√
3z sin(φ− χ)
2b sin 2φ+ z cosφ sin(φ− χ) (23)
for the texture M2. The predictions for the mixing angles θ12 and θ13 are
sin2 θ12 = 1− 4
cos 2θ + 5
and sin2 θ13 =
sin2 θ
3
(24)
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Fig. 1. The allowed parameter space for a, b, z, and χ for the textures M1 and M2.
for the texture M1 and
sin2 θ12 =
1
3− 2 sin2 θ and sin
2 θ13 =
2 sin2 θ
3
(25)
for the textures M2. Here, the variables θ and φ are to be substituted from Eqs.
(20-21) for the texture M1 and from Eqs. (22-23) for the texture M2.
The diagonal enteries of Mdiag1 are given as(
Mdiag1
)
11
= 0, (26)(
Mdiag1
)
22
= 3a cos2 θ + 2e2iφ sin2 θ
(
b− 2eiχz)+√6z sin 2θei(χ+φ), (27)
and (
Mdiag1
)
33
= 3a sin2 θ + 2e2iφ cos2 θ
(
b− 2eiχz)−√6z sin 2θei(χ+φ). (28)
Similarly, the diagonal enteries for Mdiag2 are(
Mdiag2
)
11
=
1
2
e−2iφ
(
sin2 θ
(
4b+ eiχz
)−√3z sin 2θei(χ+φ) − z cos2 θei(χ+2φ)) ,
(29)(
Mdiag2
)
22
= 3a+ eiχz, (30)
and(
Mdiag2
)
33
=
1
2
e−2iφ
(
cos2 θ
(
4b+ eiχz
)
+
√
3z sin 2θeι(χ+φ) − z sin2 θeι(χ+2φ)
)
.
(31)
Substituting the values of θ and φ in these entries, we can calculate the three
neutrino masses for the textures M1 and M2 as
m1 =
∣∣∣(Mdiagi )
11
∣∣∣ ,m2 = ∣∣∣(Mdiagi )
22
∣∣∣ , and m3 = ∣∣∣(Mdiagi )
33
∣∣∣ (32)
September 27, 2018 14:12 WSPC/INSTRUCTION FILE manuscript
6
30 35 40 45 50 55 600
50
100
150
200
250
300
350
θ23(Degree)⟶
δ(Deg
re
e)⟶
M1
30 35 40 45 50 55 600
50
100
150
200
250
300
350
θ23(Degree)⟶
δ(Deg
re
e)⟶
M2
Fig. 2. The correlations between atmospheric angle θ23 and CP violating phase δ for both the
textures M1 and M2. The two vertical dashed lines enclose the experimentally allowed region of
θ23.
for i = 1, 2 respectively. We can calculate the mass-squared differences as ∆m212 =
m22 −m21 and ∆m223 = m23 −m22 for both the textures M1 and M2.
We confront these textures with the experimental data23 by performing a Monte
Carlo analysis of the predictions. We generate a set of N random values for each of
four free parameters aj , bj , zj , and χj with j = 1, 2, 3, ...N uniformaly in reasonably
wide ranges and calculate the predictions for θ12, θ23, ∆m212 and ∆m223 using the
above relations. We accept only those points (aj , bj , zj , χj) for which the calculated
values of θ12, θ23, ∆m212 and ∆m223 lie in their 3σ experimental ranges23 depicted
in Tab. 1. We depict a, b, and z as functions of χ in Fig. 1. The allowed 3σ ranges
of a, b, and z shown in Tab. 2.
0 50 100 150 200 250 300 350
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m
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m
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Fig. 3. Variation of mββ with δ for both the textures M1 and M2.
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Fig. 4. The allowed region on (
∑
imi - mββ) plane for textures M1 and M2.
Table 1. Experimental values of
the oscillation parameters.
Parameters 3σ range
∆m212/(10
−5)eV 2 7.03 → 8.09
∆m223/(10
−3)eV 2 2.407 → 2.643
θ13/o 7.99 → 8.90
θ12/o 31.38 → 35.99
θ23/o 38.4 → 52.8
These textures have testable predictions for θ23 and δ. For texture M1, we find
sin2 θ23 =
1
2
(
1 +
√
6 sin 2θ cosφ
3− sin2 θ
)
, cot2 δ = cot2 φ− 6 sin
2 2θ cot2 φ(
3− sin2 θ)2 , (33)
and for texture M2, we find
sin2 θ23 =
1
2
(
1 +
√
3 sin 2θ cosφ
3− 2 sin2 θ
)
, csc2 δ = csc2 φ− 3 sin
2 2θ cot2 φ(
3− 2 sin2 θ)2 , (34)
where θ and φ are given by Eqs. (20-21) and (22-23), respectively. The correlation
plots between θ23 and δ has been depicted in Fig. 2. We find that when θ23 takes
its maximal value of 45o, δ is either 90o or 270o. On the other hand, when θ23 takes
its extreme values near 40o or 50o, δ is close to either 0o or 180o. We also find that
the experimental values of θ23 (the region between two vertical dashed lines in Fig.
2) put constraints on δ and it cannot take values around 0 and pi for the textures
M1. The excluded range of δ for the texture M1 is [130o, 220o] and [−30o, 30o]. For
the texture M2, the whole range of δ is allowed. Such trends can be tested at the
experiments like T2K2 and NOνA.18
The absolute neutrino masses m1, m2 and m3 can be calculated using relations
given in Eq. (32). These masses are not directly observable at the neutrino exper-
iments. The β-decay experiments19 are sensitive to the effective electron neutrino
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Table 2. Allowed ranges of the parameters of mass matrix corresponding to
the textures M1 and M2.
Parameters Allowed 3σ range
M1 M2
a [0.001,0.004]∪[-0.004,-0.001] [-0.008,0.008]
b [0.01,0.04]∪[-0.04,-0.01] [0.021,0.028] ∪ [-0.028,-0.021]
z [0.004,0.006] [0.009,0.01]
mass mβ given as
m2β = m
2
1|Ue1|2 +m22|Ue2|2 +m23|Ue3|2. (35)
The neutrino-less double beta decay experiments20 are sensitive to the effective
neutrino mass mββ = |(Mν)11| given as
mββ = |m1U2e1 +m2U2e2 +m3U2e3|. (36)
The cosmological experiments21 are sensitive to the sum of the neutrino masses∑
imi = m1 + m2 + m3. We plot mββ as function of δ in Fig. 3. We depict a
correlation between mββ and
∑
imi in Fig. 4 . We find that there is a lower bound
on mββ for textures m1 while there is no lower bound on mββ for texture M2. These
predictions will also be testable in the foreseeable future. These textures also have
interesting predictions for the Majorana phases α and β:
α =
1
2
arg

(
Mdiagi
)
22(
Mdiagi
)
11
 and β = 1
2
arg

(
Mdiagi
)
33(
Mdiagi
)
11
 (37)
for i = 1, 2. We depict the correlation plots for (α, β) and (β, δ) in Fig. 5 for both
the textures.
We performed a similar analysis for the textures having inverted hierarchy (
c = a + 2b and d = a + µ in Eqs. (9-10)). We found that we cannot have values
of the mixing angle θ13 and the ratio ∆m212/|∆m223| in their experimental ranges
simultaneously. Hence, these textures with inverted hierarchy are ruled out.
In conclusion, we proposed two texturesM1 andM2 that correspond to the TM1
and TM2 mixing schemes respectively and have four free parameters a, b, z, and χ.
We show that these textures are consistent with all the current neutrino data. We
find the allowed ranges for the parameters a, b, z, and χ and give predictions for
θ23, α, β and δ. The predictions for θ23 and δ are testable at T2K2 and NOνA.18
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Fig. 5. Correlation plots for Majorana phases α and β for textures M1 and M2.
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